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Fractional splines extend Schoenberg’s B-splines to fractional orders, which were proven to fulfill 
all requirements to form wavelet bases. Moreover, some of these fractional splines wavelets act 
approximately as fractional difference operators for signals that are essentially lowpass and concentrated 
around the origin, which makes them helpful in analyzing series with fractal behavior. In this article, 
we propose a novel estimator for the long memory parameter of a time series based on the fractional 
spline discrete wavelet transform (FrDWT), using the fact that it works approximately as a fractional 
differentiator. We perform simulations and examples to illustrate the proposed method. The proposed 
estimator outperforms traditional and widely used estimators in simulated data. We also show that, as 
the sample size increases, the bias in the simulation tends to decrease, as well as the variance, which 
might indicate that the estimator is consistent.

© 2022 Elsevier Inc. All rights reserved.
1. Introduction

Long memory models were developed in the 1950’s in studies 
for climatology and hydrology, only then being later extended to 
other fields of knowledge, such as economics, astronomy, chem-
istry, finance, geosciences and statistics. This phenomenon was 
noted by [1], and the first model for long range dependence was 
proposed in [2], with fractional Brownian motion and fractional 
noise, with heuristics to estimate the self-similarity parameter in 
[3]. Applications were then identified for the self-similar process 
to economics in [4], where self-similar processes, at a sufficiently 
good approximation, had a spectral density typically with a pole at 
the origin. This led to the later development of the ARFIMA (Au-
toRegressive Fractionally Integrated Moving Average) models [5,6].

A long memory process is characterized by an autocorrelation 
function (ACF) that decays hyperbolically towards zero, with such 
a slow decay that their autocorrelations are not summable [7]. An 
alternative way to characterize this process is using its spectral 
density as in [8], with a power spectrum having a pole at zero fre-
quency. Alternatively, [5] models long-range dependent processes 
using the fractional integration parameter operator.

Numerous data sets exhibit long-range dependence, noted by 
the slow decay of their ACF or by the inspection of their power 
spectral densities. Some examples are the temperature data in [9]
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and hydrology-related time series in [8]. For other examples in dif-
ferent fields of study, see [10,11].

Due to this wide range of applications, several estimators have 
been developed for the d order of the long memory or the Hurst 
parameter H , which differs from d up to a constant. In the scope of 
this article, we discuss estimators for the fractional random walk 
(FRW) and the fractional white noise (FWN), or pure long memory 
process.

One of the oldest and best-known methods is the R/S statistics 
for the Hurst exponent [1], sometimes referred to as the rescaled 
range. Although very popular in usage, the R/S statistics is known 
for producing biased estimates for the Hurst exponent, especially 
when the sample size is small. Therefore, there is also the cor-
rected R/S estimator of [12], as a slight modification of the propo-
sition of [13], named R/S-AL estimator.

There are other approaches to estimate the fractional differ-
ence parameter. For instance, a spectral approach of [14] uses 
the smooth periodogram. There is also the Geweke-Porter-Hudak 
(GPH) estimator, which is a semi-parametric approach. It is an or-
dinary least square estimator based on the simple linear regression 
of the log periodogram on a deterministic regressor [15]. Moreover, 
the Whittle approximate MLE (Maximum Likelihood Estimation) is 
also a periodogram-based method that assumes standard normal-
ity for the disturbance [16,8].

Although wavelets have been used to estimate the long mem-
ory parameter [17,18], there are not yet, to the best of our knowl-
edge, estimators based on fractional spline wavelets for the long 
memory parameter or the Hurst exponent.
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Fractional spline wavelets were introduced in [19,20]. The fam-
ily of fractional splines of order α involves the linear combination 
between the one-sided power function and the fractional differ-
ence operator, and have a fractional order of approximation of 
α + 1 while reproducing polynomials of degree �α�, extending the 
proposition of B-splines in [21] for fractional orders.

Moreover, if α > −1/2 to fulfill square integrability, they sat-
isfy the Riesz bounds and the two-scale relations, which are the 
requirements for multiresolution analysis of L2 [19,22]. Another 
attractive property is that fractional spline wavelets behave like 
fractional differentiators, so they help analyze 1/ f β noises [20]
and signals that have a spectral density essentially low-pass con-
centrated around the origin, since by an appropriate choice of both 
α and weights in the wavelet channel, the 1/ f β signal can be 
whitened [23].

We propose an estimator based on the fractional spline discrete 
wavelet transform (FrDWT) to the d parameter for the Fractional 
Gaussian Noise (FGN) and for the Fractional Random Walk (FRW), 
using the property identified in [20] that these fractional spline 
wavelets behave essentially as fractional differentiators and the 
fact that with a suitable weighting in the wavelet channel for 
white noise, we can synthesize a 1/ f -like noise [23]. We con-
versely use these properties to whiten the input FRW signal, using 
a relation between the order of the fractional spline wavelet and 
the long memory parameter of the input FRW. Following the pro-
cedure further detailed in the methodology section, we choose the 
order that best whitens the input signal as an estimate for the long 
memory parameter.

We perform simulation studies which show the behavior of the 
FrDWT-based estimator, which tends to be less biased and have 
a smaller variance than other estimators. Moreover, the proposed 
method has smaller MSE when compared to other estimation pro-
cedures. Lastly, we perform practical applications in three real 
signals with long-range dependence and show that the proposed 
procedure performs best in terms of Root Mean Squared Error 
(RMSE), Mean Absolute Percent Error (MAPE) and Mean Absolute 
Error (MAE). Assessing the results of both simulations and em-
pirical applications, we find the performance of the FrDWT-based 
estimator to be satisfactory.

This paper is divided into the following sections: in the sec-
ond one, we discuss some backgrounds on wavelets, splines, and 
fractional spline wavelets, which will be used to construct the 
estimator. In the third section, we discuss the methodology and 
give some examples of the proposal. The fourth section consists of 
simulations to assess the estimator empirically, as well a part of 
empirical applications with real time series that exhibit the pat-
tern of long-range dependence. Finally, there is a section of final 
remarks and further work discussion.

2. Backgrounds

2.1. Wavelets, splines and spline-wavelets

Wavelets are functions ψ ∈ L2 with 
∫
R ψ(t)dt = 0, ||ψ || = 1 and 

centered in the neighborhood of t = 0. Wavelets are localized in 
time and scale, making them ideal for analyzing signals with frac-
tal structures. It is possible to construct wavelets such that the 
dilated and translated families form an orthonormal basis of L2. 
The wavelet basis are generated from binary re-scales and transla-
tions the ψ mother wavelet [24].

For a mother and father wavelets, we set:

ψ j,k(t) = 2 j/2ψ(2 jt − k), (1)

φ j,k(t) = 2 j/2φ(2 jt − k), (2)

where j, k ∈Z [25].
2

A sequence of nested, closed subspaces V j of L2, for j ∈ Z, 
forms a multiresolution analysis in the sense of [22] if

1. . . . ⊂ V−1 ⊂ V 0 ⊂ V 1 ⊂ . . .;
2. L2 = ⋃∞

j=−∞ V j ;
3.

⋂∞
j=−∞ V j = {0};

4. f (x) ∈ V j ⇔ f (2x) ∈ V j+1;
5. There exists φ ∈ V 0 such that {φ(x −k)}k∈Z forms a Riesz basis 

of V 0.

If the mother and father wavelet families fulfill the require-
ments for a multiresolution analysis, using equations (1) and (2), 
for any fixed j0, a multiresolution decomposition in L2(R) can be 
written as

L2(R) =
⊕
j∈Z

W j = V j0 ⊕
⊕
j≥ j0

W j, (3)

where W j is the subspace generated by {ψ j,k}k∈Z and V j0 is the 
subspace generated by {φ j0,k}k∈Z . Any discrete signal or time se-
ries {Xt}t=1,2...T with T = 2 J for J integer, can be represented as

Xt = c0,0φ(t) +
J−1∑
j=0

2 j−1∑
k=0

d j,kψ j,k(t), (4)

with j0 = 0 and coefficients given by the inner product d j,k =
〈X, ψ j,k〉 and c j,k = 〈X, φ j,k〉.

Splines were introduced originally in [21], but gained signifi-
cant attention only after 1960 with applications in several fields of 
study in physics and applied mathematics [26–29]. They are piece-
wise polynomials within specific intervals, with knots connecting 
them and high-order continuity at the knots. A polynomial spline 
of degree n needs n + 1 coefficients to describe each of the pieces 
[30].

An interesting link between splines and wavelet theory is dis-
cussed in [31]. For instance, polynomial splines constitute the 
only wavelets that have the explicit analytical form [20]. Therefore 
many of the earlier wavelets were based on splines [30]. Moreover, 
B-splines follow some of the fundamental wavelet properties, such 
as: order of approximation, reproduction of polynomials, vanish-
ing moments, multiscale differentiation property, and smoothness 
of the basis functions, which makes them suitable for this purpose 
[31].

The spline wavelets approach was proposed by [32], show-
ing that spline spaces generated a multiresolution analysis, in the 
sense of [22], and constructing wavelet bases following the tradi-
tional techniques, having as a particular case the Haar wavelets. 
For a more detailed review on splines see [33,30] and their rela-
tion with wavelets [34,31].

2.2. Fractional spline wavelets

This article uses the fractional spline wavelets developed in 
[19]. They result in an extension of the family of polynomial 
splines of [21] for non-integer degrees α > −1/2, representing the 
Hölder exponent of the fractional B-spline. It is possible to show 
that these fractional splines can be used as basis functions and 
that for α > −1/2 they form a Riesz basis and satisfy the require-
ments for multiresolution analysis in the sense of [22] for the L2
Hilbert space [19,20].

Wavelets help to detect and analyze singularities in signals be-
cause wavelets with n vanishing moments behave as (n + 1)-order 
differentiator: �̂(ω) ∝ ωn+1, as ω → 0. However, when dealing 
with long memory models, such as a fractional white noise or a 
fractional random walk, it is better for a wavelet to behave as 
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a fractional differentiator: �̂(ω) ∝ ωα+1, where α is non-integer 
[23].

The functions in [19] to be used to form a basis are the frac-
tional B-splines, which are localized versions of the one-sided 
power function: (x − k)α+ := max{x − k, 0}α . The causal fractional 
B-spline is defined as

βα+(x) := �α+1+ xα+
	(α + 1)

=
∑
k≥0

(−1)k
(α+1

k

)
	(α + 1)

(x − k)α+, (5)

where α > −1/2 in order for square integrability to hold and �α+1+
is the fractional forward finite difference operator

�α+ f (x) :=
∑
k≥0

(−1)k
(
α

k

)
f (x − k). (6)

The operator in (6) is the discretization of Liouville’s generaliza-
tion of the differentiation of fractional orders [35], and is the same 
operator used when dealing with long memory processes, such as 
the ARFIMA or the Fractional Random Walk [7]. Anti-causal and 
symmetrical fractional B-splines are also defined in [19].

It is shown in [19] that the frequency response of the scaling 
filter Hα is given by

Hα+(e jω) = √
2

(
1 + e− jω

2

)α+1

, (7)

for the causal fractional B-splines. The standard notation from now 
on for causal fractional order B-splines will be respectively with 
‘+’.

The discrete fractional spline wavelet transform is calculated 
using the FFT-based algorithm of [23]. There, the authors gener-
ate the orthonormal wavelet filters using the technique in [36]:

Hα⊥(e jω) = Hα(e jω)

√
A2α+1(e jω)

A2α+1(e2 jω)
, (8)

where Aα(z) is the autocorrelation filter of α fractional B-spline:

Aα(e jω) =
∑
n∈Z

e− jnω

∫
βα+(x)βα+(x + n)dx. (9)

For the computation of (9) for an approximation of the integral 
with a sum of N terms, it is used an asymptotic Poisson-equivalent 
formula of [23] that we use in the implementation to compute the 
filters.

From this, using classical wavelet theory, it is possible to obtain 
the frequency response of the generating filter from the orthogonal 
case by [24]:

Gα⊥(e jω) = e− jω Hα⊥(−e− jω), (10)

from which one constructs fractional spline wavelets by the linear 
combination of the scaling functions [23].

Technicalities about the construction of such wavelet bases 
and multiresolution analysis using them can be seen in [19,20], 
whereas in [23] one can find more details about the algorithm for 
wavelet analysis and synthesis using fractional spline wavelets and 
implementation of the discrete fractional spline wavelet transform. 
Other technicalities concerning splines can be seen in [34].

3. Methodology

An interesting and remarkable feature is that, as stated in 
[20], the fractional spline wavelet behaves like a fractional deriva-
tive operator because �̂α+(ω) = C( jω)α+1, ω → 0 and �̂α∗ (ω) =
3

Fig. 1. Synthesis procedure example.

C |ω|α+1, ω → 0. In this case, the wavelet coefficients can be un-
derstood as the samples of the (α + 1)-th fractional derivative of a 
series of reduced resolution versions of the input signal. Therefore, 
the transform acts as a fractional differentiator for signals Xt with 
a spectrum S X (ω) low-pass concentrated around the origin. This is 
precisely the case for signals as the FWN and FRW [7], which will 
be a core concept for the proposed estimator.

In [23], the authors provide a way to synthesize a 1/f noise by 
using as an input a white noise through the wavelet channels and 
weight them by 2 j(α+1) in the j−th band. Indeed, this proposal 
makes sense for the case of long memory processes, because in 
[17] it is shown that for an integrated process I(d) with |d| < 1/2, 
the wavelet decomposition coefficients, denoted d j,k , are such that

d j,k ∼ N (0,σ 22−2 jd), (11)

where σ 2 is finite and depends on the integral 
∫

ψ(s)ψ(s − t)ds of 
a given mother wavelet.

Consider the following example, adapted from [23] for illustra-
tive purposes. Here, we synthesize a fractional random walk signal, 
using white noise in the wavelet channels as an input. We con-
sider d = 0.25. Thus we look for a signal that follows �1+d Xt = εt . 
To generate this, we weight the noise by 2 j(α+1) in the j-th level 
of the decomposition.

First, we simulate a white noise with T = 210 observations. 
Then, we use the fractional spline DWT (FrDWT) and weight the 
coefficients by 2 j(α+1) in the j-th level of the decomposition for 
each decomposition level. We then reconstruct the signal, which 
should be a trajectory of a fractional random walk with parameter 
1 + d.

In Fig. 1, we can see the input signal, a white noise (left) that 
behaves essentially as a fractional random walk after the weighting 
procedure in the wavelet channel (right). This can be confirmed 
by seeing their autocorrelations in Figs. 2 and 3, because while 
the input signal has typical sample ACF and partial autocorrela-
tion function (PACF) of a white noise, both the ACF and PACF of 
the output signal exhibit the typical decay of a fractional random 
walk. The same happens for the spectrum in Fig. 4: while the spec-
trum of the input series follows the pattern expected for a white 
noise, the synthesized series displays the typical behavior of a time 
series with long memory. Indeed, when using the GPH estimator 
to determine the long-memory parameter, the estimated value is 
d̂ + 1 = 1.222.

Since we look for an estimator of the long memory parameter 
d, we consider the reverse problem of the example, meaning: hav-
ing an input of a fractional random walk, we search for suitable 
fractional-order α∗ , and weights 2 jβ(α∗) applied to the wavelet de-
composition levels such that the wavelet reconstruction with same 
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Fig. 2. Sample ACF and PACF for the white noise.

Fig. 3. Sample ACF and PACF for the synthesized series.

fractional-order α∗ returns a “whitened” signal, where β(α) is a 
function of α. The heuristics of the choice of relying on the prop-
erties of the FrDWT.

Thus consider {Xt} with t = 1,2, ...T and T = 2 J , J ∈Z+ a sig-
nal that is generated according to a fractional random walk,

�d+1+ Xt = εt, (12)

where εt ∼ N(0, 1) with parameter d where |d| < 1/2. Assume that 
the parameter d is known and let d j,k be the coefficients associated 
with the wavelet decomposition of order α

d j,k = 〈ψα
j,k, Xt〉. (13)

A question that arises is the order α of the fractional spline 
wavelet to be used in the procedure that whitens this input signal. 
Since the fractional spline wavelet transform works essentially as 
a fractional differentiator of order α + 1 [20], let α∗ = (d+1) be the 
2

4

Fig. 4. Power spectral density (PSD) for the synthesized series and white noise.

fractional order of the wavelet. Then ψα∗
j,k behaves like a differen-

tiator of order 
(

d
2 + 3

2

)
. Because Xt ∼ I(d + 1), then after applying 

the FrDWT, the integration order should be d
2 − 1

2 . This has associ-
ated coefficients

d j,k ∼ N
(

0,σ 22
−2 j

(
d
2 − 1

2

))
, (14)

and after weighting each level of the decomposition with 2− j(d+1) , 
it leads to

2− j(d+1)d j,k ∼ N
(

0,σ 22
−2 j

(
− d

2 − 3
2

))
. (15)

The equation (15), on the other hand, corresponds to the dis-
tribution of the coefficients of a process with integration order 
I
(
− d

2 − 3
2

)
. Now because the fractional reconstruction operates as 

an integrator operator of order 
(

d
2 + 3

2

)
, then the resulting recon-

structed signal should be I(0), which is white noise.
This heuristic is analogous for the fractional Gaussian white 

noise. Let Xt be a fractional white noise, meaning �d Xt = εt for 
a known d and let d j,k as in (13). If we choose α∗ = d

2 , then the 
fractional spline wavelet transform behaves as a fractional differ-
entiator of order d

2 + 1. Now since Xt ∼ I(d), then the resulting 
order of integration after applying the FrDWT should be 

(
d
2 − 1

)
, 

which has associated coefficients

d j,k ∼ N
(

0,σ 22
−2 j

(
d
2 −1

))
, (16)

and after weighting each level of the decomposition with 2− jd

2− jdd j,k ∼ N
(

0,σ 22
−2 j

(
−1− d

2

))
, (17)

that corresponds to the distribution of the DWT coefficients of 
integration order I

(
− d

2 − 1
)

. Now, as with the FRW, since the 
fractional reconstruction for order α∗ = d/2 operates as fractional 
integration operator of order d

2 +1, the resulting reconstructed sig-
nal should be I(0), which is a white noise.

This whitening procedure described above can be described by 
the Algorithm 1. Note that the only difference between whitening 
a FRW and a FGN is the exponent of 2x , either − j(α + 1) or − jα
that is applied to the wavelet coefficients d j,k .
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Algorithm 1 Procedure to whiten a FRW or FGN.
Input: A time series {Xt} for t = 1, 2, . . . T . A fractional order α
Output: A whitened time series {W α

t } for t = 1, 2, . . . T .

1: procedure WhitenSignal(Xt , α)
2: Decompose Xt to the wavelet coefficients d j,k , j = 0, 1, . . . J − 1 with d j,k =

〈X, ψ(α+1)/2
j,k 〉.

3: for j = 0, 1, . . . J − 1 do
4: if input signal is FRW then
5: Compute d̃ j,k = 2− j(1+α)d j,k

6: else if input signal is FGN then
7: Compute d̃ j,k = 2− jαd j,k

8: end if
9: end for

10: Reconstruct W α
t , the signal with coefficients d̃ j,k .

11: return W α
t

12: end procedure

Let us assume that the parameter d ∈ (−0.5, 0.5) is unknown, 
and we have the interest to estimate it. Consider that the ob-
served series has a data generating process of a FRW(1 + d) with 
an underlying Gaussian distribution. Then we can search for an es-
timator to the fractional order d as being the value d̂ such that the 
output signal is “best whitened” after following Algorithm 1 with 
an order d̂ to the input signal.

To formalize our argument, consider an input signal {Xt}, t =
1, 2, . . . 2 J and Xt ∼ FRW(1 + d), and assume d is unknown. Define 
the thresholding function that applies the weights for every d j,k

coefficient as

η j(x) = x2− j(α+1), for j = 0,1, . . . J − 1. (18)

The goal is to estimate the unknown d parameter.
Consider the search across the values α ∈ (−0.5, 0.5). We de-

compose the input signal for the order (α + 1)/2 of the frac-
tional spline wavelet decomposition. We perform the weighting 
procedure in (18) to the coefficients, η j(d j,k) = 2− j(α+1)d j,k for 
j = 0, 1, . . . J − 1. With this, reconstruct the signal using the in-
verse fractional spline wavelet transform with the same (α + 1)/2
order of the fractional splines wavelet decomposition. This is the 
whitening procedure described in Algorithm 1.

Let W α
t denote the output signal of the whitening procedure of 

Algorithm 1. A way to measure the adequacy of α as an estimator 
for d is by assessing the level of “whiteness” of W α

t . We do so by 
considering the sum of the n first squared sample autocorrelations, 
meaning:

Rα
n =

n∑
k=1

ρ̂2
w(k), (19)

where ρ̂w(k) = γ̂w(k)/γ̂w(0) and

γ̂w(k) = 1

T

T −|k|∑
t=1

(W α
t+|k| − W

α
)(W α

t − W
α
). (20)

Therefore, an estimator could be obtained as

d̂ = arg min
α

Rα
n . (21)

The objective function in (21) is reasonable because, Rα
n =∑n

k=1 ρ̂2
w(k) ≥ 0. In fact, if α = d, then W α+1

t ≈ �1+d Xt = εt by 
the definition of the FBM. Therefore ρw(k) = ρε(k) = 0, k �= 0 and 
thus as α → d, we have Rα

n → 0, which is the minimum value for 
Rα

n .
On the other hand, assume now that α �= d, which leads to, 

W 1+α
t ≈ �1+α Xt . But since Xt = �−d−1εt , W 1+α

t ≈ �1+α−d−1εt =
�α−dεt , which is a FGN. Therefore ρ2

w(k) := γ 2
w(k)/γ 2(0) > 0, be-

cause γ 2
w(k) > 0 for the FGN. Thus Rα

n = ∑n
k=1 ρ̂2

w(k) ≥ 0 and will 
5

Fig. 5. Box diagram describing the optimization procedure.

not be null except when α = d, which explains the choice of the 
objective function in (21).

To search the optimal α for (21), we must use a numerical opti-
mization algorithm. We find Brent’s algorithm for one-dimensional 
section search and successive parabolic interpolation suitable for 
our purposes [37]. The estimation procedure can be summarized 
in the box diagram of Fig. 5.

A question that arises from the procedure is the choice of n. 
We consider n as a function of sample size T = 2 J , but still as a 
constant for every J ∈ Z+ . There is no consensus in the literature 
about the size of n, although there are recommendations, such as 
[38–42]. Specifically in [42] a simulation study was performed for 
some sample sizes and measured, under specific conditions, a suit-
able value for n when dealing with Ljung-Box tests.

Because of that, for our simulations with J = 10, we fix n = 25. 
This relies on the fact that in [38] it is suggested to consider n =
20, and simulation studies performed in reference [42] have shown 
that for series with length T = 1, 000 and significance level 0.01, 
an appropriate choice is n = 25. The choice for values of n when 
J �= 10 will be explained in due course.

4. Simulation studies

We performed simulations comparing this FrDWT-based esti-
mator with those described in the introduction. For our purposes, 
we denote the GPH estimator [15] as “d.GPH”; the periodogram-
based estimator [14] as “d.Sperio”; the Whittle estimator [8] as 
“d.Whittle”; the rescaled range (R/S) [1] as “RoverS”; the corrected 
AL-R/S estimator [13] as “CorrectRS”; and finally the proposed es-
timator using the fractional spline wavelet transform, denoted as 
“d.FrWT”. The wavelet family chosen was generated by causal or-
thogonal fractional splines because �̂α+(ω) = C( jω)α+1, ω → 0. All 
the computation was performed using R [43].

We simulate 1000 series of a fractional random walk, meaning 
�1+d Xt = εt , εt ∼ N (0, 1) for t = 1, 2, . . . 1024 with parameters d
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Fig. 6. Boxplot of estimated d with J = 10 for different values of d.
taking values in {−0.45, −0.35, −0.25, −0.15, −0.05, 0.05, 0.15, 
0.25, 0.35, 0.45}. The goal is to estimate the long memory param-

eter d using the proposed methodology and compare it with the 
other estimators to assess its performance. For means of compari-
6

son, we consider the series with length T = 210, but we will also 

show the behavior of the proposed estimator for different series 

with length T = 2 J , for J = 7, 8, 9, 10, 11.
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Fig. 7. Boxplot of estimated d with increasing J for different values of d.
It is worth mentioning that we do not simulate the fractional 
random walk using the synthesis procedure exemplified in the 
methodology section. The fractional random walk data were simu-
lated following [44,45].

Figs. 6 display the boxplot of the estimated values of d, com-
paring the different approaches. It is clear from the simulations 
that the estimator is less biased than the others for all values 
of d. Moreover, the FrDWT-based estimator has a much smaller 
7

variance compared with the less biased approaches (the GPH and 
periodogram-based estimator).

The FrDWT-based estimator for d outperforms the others in the 
simulation study. Furthermore, although the Whittle estimator’s 
values of |d| = 0.05 seem competitive, as |d| increases, the Whittle 
estimator becomes biased, whereas the proposed FrDWT estimator 
remains almost unbiased. Therefore, we perceive that the proposal 
is more suitable for general and practical usage.
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Fig. 8. Comparison of MSE between estimators when varying J .
We also consider the estimates for different J values, meaning 
J = 7, 8, 9, 10, 11. The heuristics for determining the value of n in 
(19) is the same, based on the literature recommendations and in 
the simulation studies of [42]. We set n = 15 and n = 20 for J = 7
and J = 8, respectively. For J = 9, 10, 11, n = 25 is fixed.

Table 1 displays the mean bias and the mean squared errors 
(MSE) of the estimates for d for the different values of J . We cal-
culate the MSE as

MSE = 1

N

N∑
k=1

(d̂k − d)2, (22)

where N is the number of simulated series, d̂k is the estimated 
value of d for the k−th sample and d is the true value used to 
generate the simulated series. In our case, N = 1000.

Fig. 7 shows that, in the simulated data, the estimator tends to 
be less biased as J increases and has a decreasing variance, which 
might indicate the consistency of the estimator. It is worth men-
tioning that even for small sample sizes such as T = 128 ( J = 7), 
the estimator has a mean bias that is significantly close to 0 for all 
values of d. It is noteworthy that, for all J , the bias tends to in-
8

crease as |d| → 0.5, mainly because it is approaching the unstable 
non-stationary behavior that defines these processes for such val-
ues of |d| > 0.5. Overall, the bias tends to be close to 0, and the 
standard deviation decreases with J increasing for all values of d.

We also compare the MSE when estimating d with different 
procedures and increasing the value of J , for J = 7, 8, 9, 10, 11. 
This is illustrated in Fig. 8, where we plot the MSE for each value of 
d and for each estimator. It is possible to see that the FrDWT-based 
estimator’s performance increases with J , meaning that for bigger 
sample sizes such as T = 2048, the MSE is very close to 0 for all 
values of d, outperforming the estimators we compared it with, as 
it can be seen in Figs. 8c, 8d and 8e. Even for smaller samples (T =
128 and T = 256), the only competitive estimators are the Whittle 
estimator for |d| ≤ 0.25 and the R/S statistics when |d| = 0.05, as 
it can be seen in Figs. 8a and 8b.

Therefore, the FrDWT-based estimator seems like a reasonable 
and competitive approach to estimate the long memory parameter. 
It is worth noting that the proposed estimator performs well for 
both persistent and anti-persistent long memory patterns in the 
time series, which is also desirable, even though anti-persistent 
series are less commonly seen in practice.
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Table 1
Comparison of mean bias and MSE for the proposed method as J increases.

J Mean Bias d = −0.45 MSE d = −0.45 Mean Bias d = −0.35 MSE d = −0.35

7 0.01313 0.00618 −0.00900 0.00950
8 0.01214 0.00285 0.00220 0.00392
9 0.01125 0.00159 0.00683 0.00176
10 0.01104 0.00091 0.00876 0.00090
11 0.01166 0.00049 0.00986 0.00045

J Mean Bias d = −0.25 MSE d = −0.25 Mean Bias d = −0.15 MSE d = −0.15

7 −0.01599 0.01072 −0.01873 0.01137
8 −0.00079 0.00409 −0.00337 0.00424
9 0.00411 0.00177 0.00139 0.00179
10 0.00665 0.00088 0.00431 0.00088
11 0.00782 0.00042 0.00543 0.00040

J Mean Bias d = −0.05 MSE d = −0.05 Mean Bias d = 0.05 MSE d = 0.05

7 −0.02100 0.01152 −0.02322 0.01134
8 −0.00593 0.00439 −0.00864 0.00456
9 −0.00145 0.00185 −0.00447 0.00195
10 0.00169 0.00088 −0.00124 0.00090
11 0.00271 0.00039 −0.00032 0.00040

J Mean Bias d = 0.15 MSE d = 0.15 Mean Bias d = 0.25 MSE d = 0.25

7 −0.02523 0.01135 −0.02817 0.01117
8 −0.01134 0.00486 −0.01481 0.00495
9 −0.00772 0.00209 −0.01121 0.00223
10 −0.00453 0.00094 −0.00819 0.00101
11 −0.00364 0.00042 −0.00723 0.00046

J Mean Bias d = 0.35 MSE d = 0.35 Mean Bias d = 0.45 MSE d = 0.45

7 −0.03243 0.01104 −0.04605 0.00967
8 −0.01872 0.00501 −0.02701 0.00447
9 −0.01491 0.00237 −0.01962 0.00231
10 −0.01214 0.00112 −0.01627 0.00123
11 −0.01105 0.00054 −0.01497 0.00066

Table 2
Comparison of methods in observed time series.

Method d RMSE MAPE MAE

Nile River time series

FrWT 0.45224 65.39579 0.04191 48.31246
GPH 0.42742 65.44793 0.04196 48.35560
Sperio 0.40890 65.52950 0.04204 48.44539
Whittle 0.38290 65.71103 0.04221 48.63099
CorrectRS 0.37565 65.77651 0.04228 48.70682
RoverS 0.24282 68.42912 0.04459 51.32852

Northern Hemisphere temperature time series

FrWT 0.43391 0.57256 2.94470 0.41896
GPH 0.60732 0.58700 3.41043 0.42755
Sperio 0.48197 0.57433 3.06149 0.41968
Whittle 0.35870 0.57468 2.74745 0.42082
CorrectRS 0.45307 0.57302 2.99181 0.41910
RoverS 0.30576 0.58100 2.59334 0.42644

Ethernet time series

FrWT 0.29171 1.27002 2.21990 0.86645
GPH 0.49101 1.30438 2.25542 0.81242
Sperio 0.44320 1.29104 2.24285 0.82180
Whittle 0.24597 1.27231 2.23009 0.88701
CorrectRS 0.33505 1.27208 2.22017 0.85030
RoverS 0.21549 1.27688 2.23895 0.90264
5. Empirical analyzes

In this section, we discuss the performance of the FrDWT-based 
estimator in observed time series. We also compare it with differ-
ent approaches and heuristics to estimate the long memory pa-
rameter, as we did in the Simulations section.
9

We consider three real time series that exhibit patterns of 
long range dependence. The first one is the yearly minimal wa-
ter levels of the Nile River for the years 622 to 1133 at the Roda 
Gauge, near Cairo, made available in [8]. The second one is the 
monthly temperature series for the Northern Hemisphere for the 
years 1854-1989, as in [9]. The third one is the subset of the first 
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Fig. 9. Time series used in the empirical analyzes and their corresponding ACF.
512 observations of the Ethernet traffic time series from LAN at 
Bellcore, Morristown [46]. All of the time series were made avail-
able in [47]. We chose these series because, even though all of 
them have the traits of long-range dependent signals, they have 
diverse natures, since they com from different fields of knowledge: 
hydrology, climatology and technology.

Figs. 9a, 9c and 9e display the three analyzed series, whereas 
Figs. 9b, 9c and 9f show their respective ACF, side by side. It is 
possible to see the typical behavior of a long memory process from 
the slow, hyperbolic decay of their ACF.

For each of these time series, we fit a fractional Gaussian noise 
model and estimate the d parameter associated to it, following the 
FrDWT-based procedure. As means of comparison, we estimate the 
d parameter as well using the GPH estimator, the periodogram es-
timator (Sperio), the Whittle estimator, the rescaled range (R/S) 
estimator (RoverS) and the Corrected AL-R/S estimator (CorrectRS).

We compare these methods in terms of three metrics: RMSE, 
MAPE and MAE of the fitted series, which are defined as in [48]. 
With that, we aim to show that the proposed estimator not only 
performs well in simulated signals, but also in real, observed time 
series.

Table 2 exhibits the estimated value of d for each series and 
method and displays the corresponding RMSE, MAPE and MAE. 
We see that the FrDWT-based estimator outperforms every other 
method in terms of the three metrics for all series, except the GPH 
10
in terms of MAE in the Ethernet series and R/S in terms of MAPE 
in the Scaled Northern Hemisphere time series. This means that 
the FrDWT has the best performance in 7 out of 9 evaluations for 
the observed series, which provides a satisfactory performance and 
a competitive approach to analyze and model signals with long 
range dependence.

6. Conclusion and further remarks

We proposed a new estimator for the long memory param-
eter based on fractional spline wavelets based on extensions of 
Schoenberg’s B-splines to fractional orders. The proposed estima-
tor relies on the fact that, after performing the fractional spline 
wavelet transform on a pure long memory series, under a scal-
ing factor passing through the wavelet channel, the series can be 
whitened.

The proposed estimator performed noticeably better in the 
simulated data than those we compared it with, namely: GPH, 
periodogram-based, Whittle, R/S, and AL-R/S estimators. In addi-
tion, the fractional spline wavelets based estimator had smaller 
variance and was less biased for all values of d. As for consis-
tency, the estimator’s bias and variance decrease as J increases 
in the simulated data, indicating good properties of consistency. 
Moreover, when comparing the MSE per sample size between esti-
mators, we find that the FrDWT-based estimator outperforms the 
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other ones we compared it with for sample sizes greater than 
T = 1024 data points, whereas it is competitive with the Whittle 
estimator for small sample sizes (T = 128 and T = 256) and only 
for specific values of d. In general, in terms of MSE, the proposed 
estimator performs well.

When it comes to real, observed time series, the performance 
of the estimator is consistent with that presented in the simula-
tion study, since it outperformed the other approaches in 7 out of 
9 evaluations, in the three signals. Moreover, since the signals have 
different natures and originated from different fields of study, the 
results in the empirical analyzes section suggest that the proposed 
estimator can be used in various circumstances and a different 
range of applications as a competitive approach to the other meth-
ods that are widely used in the literature.

Fractional spline wavelets seem to be a promising tool to model 
data with fractal structure, analyze and synthesize long memory 
data, and pink noise whitening. We hope that other estimators or 
algorithms based on this whitening property may emerge from an-
alyzing signals with this type of behavior.

Further work is necessary to study the asymptotic behavior of 
the estimator, deriving theoretical or numerical confidence inter-
vals for hypothesis testing. It would also be interesting to assess 
the behavior of the proposed estimator when considering other 
types of data with a long memory and other distributions for the 
disturbance term. Moreover, due to the performance of the pro-
posed estimator, it would be useful to develop an estimator for the 
ARFIMA(p,d,q) and for the FIGACH(m,D,n) models which are based 
on the FrDWT. These works will be carried elsewhere.
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